Stress-energy correlation functions in a general Conformal Field Theory (CFT) in d = 4 dimensions are described in a covariant approach, by metric variations of the quantum effective action in an arbitrary background gravitational field. All conservation, trace and conformal Ward Identities, including contact terms, are completely fixed in this approach. Applied to the T T T correlator of three stress-energy tensors, its conformal trace anomaly contribution is computed by three metric variations of the exact 1PI quantum anomaly effective action. The result is shown to coincide with the algebraic reconstruction of the trace parts of the correlator separately from its transverse, tracefree parts, determined independently by the solution of the Conformal Ward Identities (CWIs) directly in flat space in the momentum representation. In particular, the specific analytic structure and massless poles predicted by the trace anomaly effective action are precisely what is obtained by the reconstruction of the trace parts from the CWIs, showing that the massless scalar anomaly poles in T T T are a necessary feature of the exact solution of the anomalous CWIs in any CFT. The physical implications of this result are discussed.
Introduction
In the absence of a completely satisfactory description of gravitational phenomena consistent with quantum theory in four dimensions, some of the effects of quantum fields in gravitational fields may be studied by computing correlation functions of the energy-momentum-stress tensor T µν which couples to the gravitational metric. The renormalized expectation value T µν (x) g in various specific metric backgrounds contains interesting physical information about quantum effects in strong gravitational fields, such as those of black holes and cosmological spacetimes. If used as a source for Einstein's equations, the one-point function T µν (x) g provides the basis for a mean field approach to semiclassical gravity, upon which most present knowledge of quantum effects and interactions in gravity, sparse as they are, are based [1] . The two-point function T µ 1 ν 1 (x 1 )T µ 2 ν 2 (x 2 ) g contains additional information about vacuum polarization effects in gravitational fields, and may be used to study the stability of solutions of the semi-classical Einstein eqs. to small metric disturbances in a linear response analysis [2] .
Three-point functions of one stress tensor with two gauge currents T JJ , very much analogous to the familiar chiral anomaly amplitude AJJ of one axial and two vector currents, have been investigated in their exact [3, 4] and broken phases [5] , only relatively recently. Such correlators may be relevant in classically conformal invariant field theories (CFTs), and in phenomenological scenarios envisioning a possible conformal extension of the Standard Model with a composite Higgs/dilaton scalar [5, 6] . CFTs are of interest in their own right, both for the important role they play at critical points in renormalization group flows and possible application to a wide variety of many-body quantum systems, including the conformal bootstrap program. CFT methods provide one of the very few viable analytical approaches to strongly interacting quantum field theories. The three-point CFT correlation functions computed so far have the interesting property of exhibiting massless scalar poles, which are present also in QCD [4] . In the Standard Model the same pole is inherited by the dilation current correlator [5, 7] , and appears also in supersymmetric theories [8] .
In the semi-classical background field approach it was found that even massless or classically conformal invariant theories must break both scale and conformal invariance at the quantum level. This is manifest in the conformal anomaly in the trace T µ µ (x) g of the one-point function, the general form of which in general background fields (4.1) was determined some time ago [9] . In the T JJ three-point correlators considered so far, the presence of scalar poles in triangle amplitudes involving one stress tensor has been understood as a necessary consequence of the conformal trace anomaly [3, 4] .
Higher point correlation functions of multiple stress tensors T µ 1 ν 1 (x 1 )T µ 2 ν 2 (x 2 )T µ 3 ν 3 (x 3 )... g , containing additional non-trivial information about quantum correlations in gravitational fields have scarcely been studied. Three point CFT correlators were analyzed in position space with Euclidean flat metric in [10] , while the relationship to the momentum representation have been discussed in [11] . Recently the three-point function T µ 1 ν 1 T µ 2 ν 2 T µ 3 ν 3 in d near four dimensional flat spacetime has been found by solving the Conformal Ward Identities (CWIs) in momentum space [12] . The question naturally arises if massless poles appear in the T T T correlator in a d = 4 CFT, and whether they are necessarily associated with the conformal trace anomaly also in this case. This is the question we address in this paper.
The general form of the trace anomaly allows construction of the general non-local form of the quantum effective action corresponding to it [13, 14, 15] . In the case of d = 2 CFT, the non-local anomaly effective action is of the form R −1 R, with R the d = 2 scalar curvature and −1 the Green's function inverse of the covariant wave operator , showing that the effect of the conformal anomaly involves an intermediate massless scalar exchange, or isolated pole in momentum space. A new propagating scalar field ϕ may be introduced to cast the anomaly action in an equivalent local form. Its propagator gives rise to a massless poles in the vertex functions T µ 1 ν 1 (x 1 )T µ 2 ν 2 (x 2 )T µ 3 ν 3 (x 3 )... g of multiple energy momentum tensors, obtained by varying the effective action with respect to the metric multiple times [16] . In either d = 2 or d = 4 the massless scalar exchange may be understood as an effective correlated two-particle 0 + state of the underlying quantum theory, similar to a Cooper pair of electrons in superconductivity. The appearance of a propagating massless scalar degree of freedom clearly has implications for gravity at low energies and at macroscopic scales [17] .
Despite being derivable from first principles in the background field method, questions have been raised about the non-local conformal anomaly effective action in d = 4 [18] , centering on its analytic structure and also the appearance of multiple massless poles. Because of the possibly far-reaching physical implications, it is important to address such concerns in a concrete example involving only stress tensor correlators. In this paper we show that the massless poles in the three-point correlation function T T T for a CFT in d = 4, predicted by the anomaly effective action by three variations with respect to the background metric, are precisely those obtained by solution of the CWIs directly in flat space, by the methods of [12] , in which the trace parts can be obtained by algebraic reconstruction from a single trace Ward Identity. This demonstrates that the anomaly poles in momentum space are a necessary feature of the full T T T correlator in CFT, which cannot be eliminated by adding local or Weyl invariant terms to the effective action. Conversely, the Weyl invariant terms cannot be determined by the trace Ward Identity or anomaly effective action generated by it. The clear separation of the effective action into Weyl invariant, anomaly and local terms is necessary in order to recognize the contributions of each to the three-point and higher point correlation functions of T µν .
The outline of the papers is as follows. The covariant quantum action in curved space is defined in Sec. 2, and the method of deriving the Ward Identities it implies for
... g outlined in Secs. 3-5. In Sec. 6 the approach of [12] for reconstructing the trace parts of T T T from its transverse, traceless parts is reviewed. In Sec. 7 we review the anomaly effective action in d = 4, in both its non-local and local form, its satisfying of the Wess-Zumino consistency condition, and decomposition of the general effective action for a CFT into Weyl invariant, anomalous and local parts. In Sec. 8 the curved space anomaly action is developed in a Taylor series to third order around flat space, and in Sec. 9 its contribution to T T T computed and shown to be identical to the reconstruction method of [12] , both containing precisely the same massless poles required by the conformal anomaly. We conclude in Sec. 10 with a Discussion and further implications of the anomaly effective action in light of this result.
The Quantum Action in Curved Space and T T T . . . Correlators
The symmetric energy-momentum-stress tensor T µν (x) that couples to the gravitational metric field g µν (x) is defined by the variation
of the classical action S cl [Φ, g] of the fields denoted generically by Φ = {Φ i }. Here S cl is viewed as a functional of the general curved spacetime background metric, and √ −g is the square root (of the negative) of the determinant of that metric. When the matter/radiation fields Φ in S cl are quantized, T µν becomes an operator and the funda-mental quantities of interest are the n-point correlation functions
When any of the spacetime points in (2.2) coincide, the correlation functions acquire contact terms which require some care. The definition (2.2) may be extended to the case of arbitrary spacetime points in a generally covariant way by defining first the one-particle irreducible (1PI) quantum effective action appearing in (2.5) by the functional integral
over all the matter/radiation fields at all scales in the fixed background metric. By expanding this 1PI quantum action functional in a Taylor series
around a given background metric (where dx i is shorthand for the four-volume integration measure d 4 x i ), it becomes clear that the coefficients of this Taylor series S n , defined by the multiple functional variations
recovers (2.2) in the case that none of the spacetime points coincide. If Feynman boundary conditions are specified on the functional integral (2.3), then S[g] is the in-out effective action, which is the generating functional of the covariant time ordered in-out connected correlation functions (2.2). In addition this fully covariant definition of the T µν correlation functions determines all contact terms through the Ward Identities they satisfy, as we show in the following. It is important to distinguish the exact one-particle-irreducible (1PI) quantum effective action S[g] of (2.3) in the gravitational sector, defined by integrating out all non-gravitational matter/radiation fields at all scales, from the Wilsonian effective action in common use in high energy, nuclear and condensed matter physics, in which generally only heavy degrees of freedom above some mass scale are integrated out. The exact 1PI action S[g] defined formally by (2.3) may be applied also to massless and Conformal Field Theories (CFTs), which is the subject of this paper.
Conservation Ward Identities
For n = 1 the covariant definition of the one-point function
is the (renormalized) expectation value of T µν (x). It satisfies the fundamental Ward Identity of covariant conservation
with (g) ∇ µ the covariant derivative in the general background metric g µν (x). This classical conservation law of the underlying theory described by S cl [Φ; g], invariant under general coordinate transformations, remains valid at the quantum level, provided general coordinate invariance is preserved by the regularization and renormalization procedure needed to define the exact quantum effective action (2.3). The conservation Ward Identity (3.2) may be rewritten in the form
where
is the Christoffel connection for the general background metric g µν (x). The latter form of (3.3) is the most convenient one for additional successive variation with respect to g µν (x), by which Ward Identities for the higher point correlation functions may be derived. If after performing the variations we set the background metric to η µν of flat Minkowski space, we find the conservation Ward Identities
for the two-point function and
for the three-point function of stress tensors in the flat space limit. In obtaining (3.5) and (3.6), we have made use of the vanishing of the one-point function T µν (x) η = 0 and Γ µ λν (x) in the flat space limit, as well as the metric variation of (3.4) 2 δΓ
where the derivatives in (3.5), (3.6) and (3.7) are with respect to x 1 , and parentheses around indices denotes symmetrization with respect to those indices. Clearly this variational procedure could be continued indefinitely to obtain the conservation Ward Identities of any n-point function of T µν (x), showing that the conservation Ward Identities of the n-point functions of T µν (x) involve contact terms multiplying the n − 1 and lower point functions. This procedure also shows that the symmetric and covariant definition (2.5) of the n-point functions, where all the √ −g factors are placed to the left of the metric variation of the effective action, yields conservation Ward Identities where all the contact terms involving derivatives of δ-functions at coincident points are determined in a completely general, theory-independent way from the variations of the Γ µ λν (x) symbol in the basic covariant conservation identity for the one-point function (3.3) . Thus with the definition (2.5) one never encounters explicit variations of T µν (x) itself at coincident spacetime points, whose form depend in general upon the specific underlying field theory being considered, and which may introduce non-covariant contact terms that complicate the analysis considerably.
The n-point functions of T µ i ν i (x i ) in flat spacetime may be Fourier transformed by
where the reduced correlation functionsS n are defined only on the subspace of (p 1 + · · · + p n ) µ = 0 determined by the δ-function of four-momentum conservation. The conservation Ward Identities (3.5) and (3.6) become for the reduced correlation functions in momentum space
and
The conservation Ward Identities for the four-point and higher n-point correlation functions may be derived in a similar way by repeated variations of the fundamental covariant conservation identity (3.3) with respect to the metric, setting the metric g µν (x) to the flat one η µν , and then Fourier transforming the result, evaluating on the condition of momentum conservation (p 1 + · · · + p n ) µ = 0. Remembering this condition, particularly in differentiating with respect to the p i , so that there are in fact only n − 1 independent momenta inS n , we shall drop the overbar notation henceforth. Eq. (3.9) shows that the two-point function is purely transverse, whereas the three-point and higher n-point functions contain both transverse and longitudinal terms, the latter non-vanishing upon contraction with one of the p j , as in (3.10).
Trace Ward Identities for CFTs
In order to be completely well-defined, the functional integral in (2.3) must be regularized and renormalized, and local covariant counterterms up to dimension four (in d = 4 spacetime dimensions) must be added to the quantum effective action in order to remove its ultraviolet divergences. If general covariance is respected by this procedure the conservation Ward Identities of the previous section remain valid for the renormalized effective action and its variations. However, as is wellknown, any renormalization procedure respecting coordinate invariance, such as the Schwinger-deWitt heat kernel method or dimensional regularization, necessarily introduces a scale, leading to anomalous contributions to the trace identities of the correlation functions (2.2).
These scale violations are determined by the general form of the conformal trace anomaly in curved space. The fundamental identity is again that of the one-point function, which takes the general form
in a general curved background. Here T is the trace expected from the form of the classical action
absent any anomalies, and the additional finite terms in (4.1) are the quantum anomalous contributions, given in terms of the dimension-four curvature invariants
which are the Euler-Gauss-Bonnet invariant and square of the Weyl conformal tensor respectively (with R µανβ the Riemann curvature tensor, * R µανβ its dual, and R µν = g αβ R µανβ and R = g µν R µν the Ricci tensor and Ricci scalar respectively). Additional dimension-four local invariants denoted by L i in (4.1) may also appear in the general form of the trace anomaly, if there are couplings to additional background fields. For example in the case of massless fermions coupled to a gauge field, there are contributions from the scalar invariants L F = F µν F µν of electromagnetism or from the strong or electroweak non-abelian gauge fields L G = Tr(G µν G µν ), with coefficients β F or β G determined by the β function of the corresponding gauge coupling. The anomalous contributions must take the form of this sum of local dimension-four invariants in (4.1) for any local and covariant quantum field theory in d = 4 spacetime dimensions, the only dependence upon the particular theory residing in the values of b, b ′ , b ′′ , β i , which are dimensionless coefficients in units of . For a general discussion of CFTs in the flat spacetime limit, with no background gauge fields, we require only the minimal coupling to the spacetime metric, necessary to obtain T µν insertions and covariant definition of the three-point correlator S
by three metric variations, as in (2.5). Hence for this application to CFT we set the explicit trace term of (4.1) and (4.2) T = 0, and also drop the possible L i anomalous terms in (4.1) and (7.2) depending upon background fields other than the metric.
We note also that the R term in (4.1) corresponds to a local action, since
and may be removed by such a local counterterm in the action with finite b ′′ coefficient. Thus it is not part of the true anomaly in (7.2) which cannot be so expressed as the variation of a local covariant action functional of the metric alone, and we may take b ′′ to be zero, restoring an arbitrary local R 2 term to the action at the end of the analysis. This leaves only the Weyl squared b and Euler-Gauss-Bonnet b ′ terms in (4.1), the coefficients of which are also sometimes labelled as c and a respectively. As in the case of the conservation Ward Identities, the trace identities for the n-point functions may be derived by successive variation of the fundamental trace identity of the one-point function. Indeed retaining only the b and b ′ terms, and rewriting (4.1) in the form
varying again with respect to the metric, and finally evaluating at the flat space Minkowski metric η µν gives
for the two-point function, and
for the three-point function. Fourier transforming these results gives the trace identity for the two-point function
in momentum space (again evaluated at p
, and for the trace identity of the three-point function
is the Fourier transform of the n th variation of the anomaly in the flat space limit. Clearly one may take additional variations with respect to the metric in order to obtain trace identities for higher n-point functions, and additional contractions of (4.9) with η µ 2 ν 2 , using (4.8) to derive additional daughter identities for traces of the three-point correlator.
Conformal Ward Identities
When the underlying QFT is classically conformally invariant, the n-point functions of the stress tensor satisfy additional Ward Identities, namely Conformal Ward Identities (CWIs). These are generated by the (partial) conservation of the conformal currents
where ξ µ (x) are Conformal Killing Vectors, defined by solutions of the Conformal Killing eq.
is conserved, provided η µν T µν = 0, which traceless condition is satisfied for a CFT, at the classical level. Thus inserting the current (5.1) in the n-point correlator, we are led to consider total divergences of the form
in order to derive the CWIs for the n-point functions of the stress tensor. If expressions of this kind are integrated over x, the left hand side gives a surface term which vanishes, provided the correlation functions fall off fast enough at infinity, an assumption that may be checked a posteriori. On the right hand side one may use the previously derived conservation and anomalous trace Ward Identities for the n + 1-point function S n+1 , which are given in terms of the n-point function S n by relations of the form (3.5)-(3.6) and (4.8)-(4.9).
The Dilation CWIs correspond to the one Dilational Conformal Killing vector
whereas the Special CWIs correspond to the d Special Conformal Killing vectors
each of which satisfy (5.2), each of which give CWIs when substituted into (5.3). When these relations are expressed in momentum space by Fourier transforming, the results are the CWIs for the reduced n-point correlation functions defined in (3.8).
The general form of the CWIs in momentum space is [11, 12] 
where The derivations and precise forms of these CWIs in d = 4 will be presented elsewhere, as they are not needed for the main analysis of the trace identities and conformal anomaly contribution to T T T in this paper.
Tensor Decomposition and Reconstruction of T T T
Since the X and Y terms on the right sides of (5.6) and (5.7) involve only longitudinal and trace parts, the method of [12] is work in d dimensions and project the CWIs (5.6)-(5.7) onto their transverse, traceless parts only, in which case the right sides of these relations vanish under the projection. The number of transverse, traceless tensors with independent form factors is also much fewer than the general S n (being only five for n = 3). The eqs. derived from (5.6)-(5.7) for these five scalar form factors may then be solved explicitly by keeping d = 4 dimensions until the end of the calculation, when (d − 4) −1 singularities appear in the solution as d → 4. Thus counterterms are needed, and after their subtraction the anomalous trace (4.5) results. Finally the full solution for T T T can be reconstructed in principle from its transverse, traceless parts by use of the conservation and trace Ward Identities.
In order to apply this method to tensor operators, it is necessary to introduce the projection operators
onto transverse vectors and transverse, traceless tensors respectively, in d dimensions. We define further the longitudinal and trace projectors
such that Π + Λ + Θ = 1 is the identity. Thus given any symmetric second rank tensor T µν (p), one may decompose it as
where the first term is its transverse, traceless part
while the Λ µν ≡ Λ µν αβ T αβ and Θ µν ≡ Θ µν αβ T ab terms in (6.3) depend only upon its longitudinal and trace contractions p β T αβ and η αβ T αβ respectively. The latter terms are called 'semi-local' and denoted t µν loc by the authors of [12] , so that T µν = t µν + t µν loc . The transverse, tracefree projected corrrelation functions
obey sourcefree Special CWIs in d = 4 dimensions with no X or Y terms on the right side of (5.7), and are solved in [12] for the three-point function T T T . In order to reconstruct the full three-point correlator one makes use of the basic identity
following from (6.3), suppressing indices in a symbolic notation. From this it follows that
or more explicitly, the full three-point correlator in momentum space is given bỹ
+ (Λ + Θ)
where we write out the indices but continue to suppress the dependence on the momenta (p 1 , p 2 , p 3 ) for compactness. When all the Λ + Θ longitudinal and trace terms are expanded out, one gets from the 26 terms above (excluding (⊥)S 3 ) seven terms containing only the trace over one, two or three pair of indices, viz.
an analogous seven terms with longitudinal parts only, Λ replacing Θ everywhere in the expression (6.9) above, and twelve mixed terms involving both the Λ and Θ projectors in various combinations. The seven longitudinal terms involving only Λ may be obtained from the conservation Ward Identity because they involve contractions with one or more of the p j , and are thus given in terms of the twopoint function by (3.10), not involving the trace parts. The twelve mixed terms involve both at least one trace and one longitudinal projector. Thus from (4.9) a typical mixed term involves
Since as we show below in Sec. 9, the second variation of the anomaly is transverse, the last anomaly dependent term vanishes upon contraction with (p 2 ) µ 2 . Thus all twelve mixed longitudinal/trace terms in the expansion of (6.8) are also independent of the trace anomaly variation A 2 , and determined solely by the conservation Ward Identities plus non-anomalous trace identities in terms of the two-point functionS 2 . This leaves only the seven trace terms in (6.9) which depend directly upon the trace anomaly, upon which we focus here.
Substituting the definition (6.2b) for d = 4 enables us to write (6.9) in the form
containing one, two and three trace terms. In order for this algebraic identity to have non-trivial content, the single trace must be given, e.g. from the trace Ward Identity (3.10), from which the multiple traces may be derived. Separating out the anomalous contribution to the trace, we shall show that (6.11) is then identical to the contribution toS 3 determined by the anomaly action alone.
The Anomaly Effective Action and Total Effective Action for CFTs
The general form of the anomalous trace (4.1) is a consequence of locality of the underlying QFT, and the Wess-Zumino consistency condition, which amounts to the requirement that a covariant action functional S anom [g] of the full metric g µν exist such that
for arbitrary g µν (x) = e 2σ(x)ḡ µν (x), and whose conformal variation
is the anomaly. The admixture of the R term with specific coefficient − 2 3 in (7.2) is chosen so that both invariants in (7.2) have simple dependences upon σ
in the local conformal parametrization g µν = e 2σḡ µν . The fourth order differential operator
is the unique fourth order scalar kinetic operator that is conformally covariant
for arbitrary σ(x) [14, 15, 19, 20, 21] . Because of the simple dependences (7.3), the Wess-Zumino functional in (7.1) quadratic in σ is easily found
by inspection, up to terms which are σ independent, i.e. conformally invariant, and hence do not contribute to the variation in (7.2). Moreover, solving (7.3b) for σ by inverting the differential operator (7.4) in favor of its Green's function
with
which is a non-local form of the exact quantum 1PI effective action of the anomaly. The non-locality in terms only of curvature invariants and arising from the Green's function inverse of ∆ 4 cannot be removed by any addition of local terms to the anomaly action, such as the R 2 associated with b ′′ term in (4.1) by (4.4). It is possible to add to S NL anom arbitrary Weyl invariant terms (local or not) which drop out of the difference in (7.7), but these also cannot remove the non-locality in the essential Weyl non-invariant part of the anomaly action (7.8) .
In particular if the non-local term Weyl invariant term
is added to (7.8) to complete the square, we obtain
and it becomes possible to recast the generally covariant non-local effective action (7.10) in local form by the introduction of only a single new scalar field ϕ. Because it is asymmetrical in the invariants E and C 2 , two additional scalar fields would be necessary to render the minimal non-local action (7.8) into a local form [17, 22] . Since the anomalous effective action is determined only up to such Weyl invariant terms in any case, adding the additional Weyl invariant term (7.9) does not affect the trace anomaly or otherwise affect our conclusions. Thus, if the anomaly effective action
is varied with respect to ϕ, in terms of which it is local, this results in the linear eq. of motion
which when solved for ϕ by formally inverting ∆ 4 and substituting the result into (7.11) reproduces the non-local effective action S NL anom [g] in (7.10), or (7.10) up to surface terms and Weyl invariant terms. The multiplication by √ −g in (7.12) will prove convenient because of the property (7.5).
It is clear that linear shifts in the spacetime scalar ϕ are related to conformal transformations of the spacetime metric, and indeed the Wess-Zumino consistency condition implies the non-trivial relation
. Because the identity (7.13) exposes its origin and relationship to variations of the conformal frame of the metric, ϕ may be termed the scalar conformalon field, which also serves to distinguish it from dilatons and dilaton-like fields that arise in other contexts. Note that although ϕ is closely related to and couples to the conformal part of the metric tensor, ϕ is an independent spacetime scalar field and the local action (7.11) is fully coordinate invariant, unlike Γ WZ in (7.6) which depends separately uponḡ µν and σ, and is therefore conformal frame dependent. Because of the fourth order kinetic term the scalar conformalon ϕ has canonical mass dimension zero, which also distinguishes it from other dilaton-like fields. It is the local form of the anomaly action (7.11) in terms of the scalar conformalon field ϕ that we shall vary in order to obtain the anomalous contributions to the Ward Identities of a CFT in four dimensions. The exact 1PI quantum effective action for a CFT is then which generally is non-local, as (7.9) is, and whose expansion around flat space is responsible for the CWIs (5.6) and (5.7), absent any anomalous trace terms; and finally S anom [g; ϕ] given by (7.11) is responsible for the anomalous trace (4.5). The form (7.14) of the decomposition of the quantum effective action was arrived at in [20] by consideration of the abelian group of local Weyl shifts, and its cohomology. The local and Weyl invariant terms are elements of the trivial cohomology of the local Weyl group, while (7.8) or S anom [g; ϕ] is an element of the non-trivial cocycles of this cohomology, which is uniquely specified by the b and b ′ anomaly coefficients [23, 15, 24, 25, 20] .
Since each term in (7.14) is invariant under general coordinate transformations, each separately obeys the Conservation Ward Identities of Sec. 3. The local and Weyl invariant terms each separately satisfies the Trace Ward Identities of Sec. 4, with no anomalous A terms. The Weyl invariant term likewise satisfies all the Conformal Ward Identities of Sec. 5 with no anomalous contribution. All contributions to the Ward Identities that are anomalous can only come from S anom , which therefore may be considered separately from the other local and Weyl invariant terms in (7.14) .
A non-trivial test of the decomposition (7.14), the reasoning leading to it, and the correctness of the anomaly action (7.11) is afforded by the reconstruction algorithm of [12] for T T T in CFTs in flat spacetime, in that the anomalous trace Ward Identities obeyed by T T T , encoded in the trace dependent contributions to its full reconstruction (Θ)S 3 of (6.8), must come entirely from variations of
. This is verified explicitly in the next several sections.
Variation of the Anomaly Effective Action
In order to obtain the contributions of the anomaly effective action (7.11) to the three-point function S
we require the expansion of S anom [g; ϕ] to third order in deviations from flat space. The consistent expansion of S anom [g; ϕ] around flat space is defined by the simultaneous expansion of the metric g µν and ϕ
substitution of these expansions into (7.12) and identification of terms of the same order. Thus to the lowest three orders of the expansion we have
where is the d'Alembert wave operator in flat Minkowski spacetime, and we have used the fact that E and C 2 are second order in curvature invariants while the Ricci scalar R starts at first order.
Clearly the eq. of motion (8.2a) possesses the trivial solution ϕ (0) = 0 in flat spacetime g (0) µν = η µν , which corresponds to choosing boundary conditions appropriate for the standard Minkowski space vacuum, or equivalently defining the quantum effective action such that its first variation and the one-point function T µν η = 0 vanishes in flat spacetime with no boundaries. With this condition we may immediately solve the next order eq. (8.2b) to obtain
and hence the solution of (8.2c) is
(8.4) the latter of which contains a coincident double −2 pole in the momentum representation to second order in the expansion around flat space. Now we may substitute these solutions into the anomaly action (7.11), also retaining terms up to third order in the expansion. In this way we obtain the quadratic terms
which is purely local, since all propagators cancel. Thus the two-point correlation function of stress tensors will contain no poles in momentum space due to the conformal anomaly, consistent with explicit calculations. The third order terms in the expansion of the anomaly action are
from which we observe that the two terms involving ϕ (2) cancel, upon making use of (8.3). Thus there are no double propagator terms in the anomaly action to third order in the expansion. The remaining terms in (8.6) yield
the first term of which involves
where (7.4) has been used. Thus with the latter term one may integrate by parts and obtain
which contains only single propagator poles. Finally making use of the chain rule relation
we find that the first and next to last terms of (8.9) combine and partly cancel, obtaining finally
where the last term is purely local. In fact, this last local third order term together with the second order term (8.5) may be recognized as the expansion up to to third order of the covariant local action
which if subtracted from S anom in (7.11) would cancel the − 2b ′ 3 R contribution to the conformal anomaly resulting from S anom , upon using (4.4), leaving just b ′ E + b C 2 for the trace. Naturally the result (8.11) for the anomaly action expanded to third order around flat space may be derived equally well from the non-local form (7.10) by variation of the Green's function D 4 (x, x ′ ), See also [26] .
We note in passing that because the local R 2 term has the conformal σ dependence
the subtraction of the particular local term (8.12) from the Wess-Zumino action (7.6) gives
which reproduces the S anomaly of the dilaton effective action reported in [27] , after identification of σ → τ andḡ → g, and dropping the R 2 term. In this particular combination the fourth order kinetic term for σ in Γ W Z [ḡ; σ] is cancelled. However the Wess-Zumino functional Γ W Z [ḡ; σ] is not a covariant functional of the full physical metric g = e 2σḡ , since it was obtained from (7.3) by treating σ as a field independent of the fiducial fixed base metricḡ. It is more properly regarded as non-trivial cocycle of the cohomology of the local Weyl group, which is closed but not exact [23, 15, 24, 25, 20] . Thus it is only a Weyl variation of some fully covariant solution of the Wess-Zumino consistency, of which (7.8) is one representative, and which is necessarily non-local if expressed purely in terms of the full physical metric g µν . The addition of a local term, i.e. a trivial element of the cohomology, with any coefficient does not change the non-local pole structure of (7.8), and (8.14) is not an acceptable frame invariant anomaly effective action, unless one assumes that σ → τ is to be regarded as a completely new dilaton field, with its own specified transformation under local Weyl transformations, and not the conformal factor part of the physical spacetime metric [27] . This is quite different than the present treatment where no assumptions about spontaneous symmetry breaking dilaton fields or interactions are made, and one straightforwardly evaluates the 1PI effective action of the conformal anomaly and its variations in either its non-local (7.8) or local representation (7.11). The action functional (8.11 ) is the expression we need to obtain the trace anomaly contributions to the three-point function. It shows that single pole terms (appearing twice, but no coincident double pole −2 terms) are expected for the trace anomaly contribution (Θ) S
to the three-point function.
9 The Anomaly Action Contribution to T T T Since by (4.3), both E and C 2 are second order in curvature tensors, it suffices in (8.11) to compute the Riemann tensor to first order
in the metric variation h µν . All contractions may be carried out with the use of the lowest order flat space Minkowski metric η µν . In momentum space dx e ip·x R
(1)
which serves to defines the tensor polynomial
which has the contractions
defined in an analogous fashion to (9.2). We also require the squared contractions
With these expressions in hand, together with the simpler
we may express the third order anomaly action (8.11) and its contribution (A) S 3 to the three-point corretator in momentum space in the form
after taking account of the 2 3 = 8 normalization factor in (2.5) for n = 3, and where the 3 cyclic permutations of the indices (1, 2, 3) are summed over. In this expression
(9.10) by (9.4), and
are given by (9.6)-(9.8), with the corresponding momentum dependences (p i , p j ) suppressed. The explicit form of the contribution to the three-point vertex function T T T from S anom in (7.14) is (9.9). We shall now verify that the contribution (9.9) of the anomaly effective action (7.11) to the three-point correlator S 3 is precisely the same as (6.11), obtained by the general algebraic reconstruction method of Sec. 6.
We note first that (9.9) contains no coincident double pole terms of the form (p 2 i ) −2 , and it also contains no cubic single pole terms of the form (p 2 1 p 2 2 p 2 3 ) −1 , since the polynomial of the last term in brackets of (9.9) contains at least one power of p 2 1 , p 2 2 or p 2 3 . However recalling (6.1a), (9.9) does contain both single pole and quadratic single pole terms of the form (p 2 1 p 2 3 ) −1 etc. from the product of
It is a straightforward exercise in tensor algebra using (9.4)-(9.8) to verify that all these pole terms cancel upon taking one trace of (9.9) so that
yields back the second variation of the local anomaly, consistent with the trace identity (4.9). Because
both the second variation of the anomalyÃ
and the anomaly contribution to the three-point
are transverse, and hence makes no contribution to the longitudinal terms in any of the Ward Identities, as claimed in Sec. 6 and needed for the vanishing of the last term in (6.10).
Taking an additional trace of (9.12), we find that the b term has zero trace and there remains only
hold in higher dimensions and S anom should also determine the full T T T... correlation functions in d = 4. Clearly this assumption is incorrect, because of the Weyl invariant terms S inv in (7.14), which are not determined by S anom .
What the anomaly effective action should determine are all the anomalous contributions to the higher point stress tensor correlation functions, since the exact 1PI quantum action (7.14) is precisely the generating function for these connected correlation functions in an arbitrary fixed background, and S anom is the only term responsible for anomalous contributions in the trace Ward Identities. In this paper we have calculated the contribution of S anom to the three-point function, given explicitly by (9.9), by three variations of the general curved space anomaly action. The equality (9.17) shows that this is precisely the same result as that obtainable by the method of [12] of solving first the exact CWIs for the projected transverse, traceless parts of the the correlator directly in d-dimensional flat space, then reconstructing the full T T T by restoring the longitudinal and trace parts by use of the conservation and anomalous trace Ward Identities in the d → 4 limit. This is an explicit verification of S anom for the trace parts of the full T T T in any d = 4 CFT, including the presence of multiple pole terms in all the external invariants, predicted by the anomaly action. In the approach of [12] these multiple pole contributions are a simple consequence of the transverse projection operators (6.1a) in the reconstruction formula (6.11) for the trace parts of the three-point function. There is no doubt that these trace contributions, in complete agreement with the variation of the anomaly action have the correct analytic structure to satisfy the anomalous CWIs of a CFT in the physical d = 4 dimensions.
It is clear from this derivation and the equivalence (9.17) that the multiple pole contributions are unambiguously fixed and determined by the anomaly effective action, and are a necessary consequence of the anomalous trace and conformal Ward Identities. That anomalies are generally associated with massless poles has taken some time to recognize, although the prototype example was already provided by the Schwinger model decades ago [16] .
It is also important to distinguish this generation of massless poles by anomalous Ward Identities, which represent an explicit breaking of conformal invariance by quantum effects, from the Goldstone massless poles generated by spontaneous symmetry breaking (SSB) of global symmetries by some field(s) acquiring a non-zero vacuum expectation value. Phenomenological dilaton effective actions are in the latter class. Note that the anomaly poles coming from S anom are not the result of SSB of conformal invariance in a broken phase, and not the result of introducing by hand a dilaton kinetic term, but rather a consequence of the quantum conformal anomaly itself explicitly breaking conformal invariance in an otherwise conformally invariant CFT.
The massless poles are a reflection of the Cooper pairing in collective correlated two-particle intermediate states in the cut AV V and T V V triangle diagrams in simple one loop perturbation theory. The proof of their existence in T T T in a general CFT shows that these correlated two-particle pairing states are quite general, and independent of specific models or perturbation theory. Massless poles in T T T imply that there are long range effects of stress tensor correlations on lightlike separated spacetime points [3, 4] , similar to those already noted in the case of the chiral anomaly [28, 29, 3] . Because of the coupling to T µν , these lightcone massless poles lead to novel scalar gravitational effects on macroscopic scales, not described by Einstein's classical theory [2, 17, 30, 31] . In the supersymmetric case this behavior is present in all the components of a superconformal anomaly multiplet [8] .
The anomaly effective action also predicts the existence of coincident double poles in each external invariant arising from the fourth order differential operator (7.4) and its inverse. Since kinetic terms higher than second order involve either negative energy or negative norm ghost states, this has led to additional concerns about the anomaly effective action, and S-matrix analyticity [27] . However, since the local form of the anomaly effective action (7.11) is quadratic in the scalar conformalon field, the action (7.11) in a fixed background describes a non-interacting free theory and absent any other interactions the ghost states are decoupled from physical processes. In the pure anomaly effective theory quantized in R×S 3 , it has been shown by the Dirac method that the ghost states are completely eliminated by the constraints of diffeomorphism invariance [32] .
Since the fourth order kinetic term arises purely from the E − 2 3
R term of the conformal anomaly, interactions of the ghost modes with physical states can occur only through the non-linear interactions of the gravitational field itself described by the addition of the Einstein-Hilbert action and the nonlinearities of standard General Relativity. Thus one should expect these anomaly effects only in strongly non-linear gravitational fields where the flat space S-matrix is inapplicable, or at extreme Planckian energies where any violation of unitarity in flat space scattering amplitudes are very strongly suppressed by the weakness of the gravitational constant, and where the entire effective field theory approach breaks down in any case. The double coincident poles predicted by the anomaly effective action are expected to appear in flat space amplitudes only in four-point and higher point point stress tensor correlation functions T T T T... which remain to be investigated.
